Abstract-This paper proposes a closed form solution to L2-of appropriate dimensions. The transfer function of the digital sensitivity minimization of second-order state-space digital filters. filter (A, b, c, d) is given by Restricting ourselves to the 2-nd order case of state-space digital filters, we can formulate L2-sensitivity minimization problem
problem can be converted into a problem to find the solution B. L2-Sensitivity to a 4-th degree polynomial equation of constant coefficients, The L2-sensitivity is one of the measurements which evaluwhich can be algebraically solved in closed form without iterative calculations.
ate coefficient quantzation effects of digital filters. In [3] , the L2-sensitivity of the filter H(z) with respect to the realization (.) . Two mixture sensitivity [1] , [2] and L2-sensitivity [3] , [4] . It is formulations of the L2-sensitivity are proposed in [3] and [4] .
already proved that LI/L2-mixture sensitivity of a filter is In [3] , the L2-sensitivity is formulated by using a complex minimized when the filter is a balanced realization, which integral [3] . On the other hand, in [4] , the L2-sensitivity is can be derived analytically [1] , [2] . On the other hand, it is formulated, in the following expression: quite difficult to minimize L2-sensitivity by analytical method because L2-sensitivity minimization problem is a nonlinear S(A, b, c) = tr(Wo)tr (Ko) [1] , [2] , B. Balanced Realization as an initial realization
[5], [6] .
We adopt a balanced realization as an initial realization to C. Coordinate Transformation synthesize the L2-sensitivity minimization problem. The balConsider a coordinate transformation defined by j(n)
anced realization is the filter structure of which controllability T x(n.) Under the coordinate transformation, the coefficient and observability gramians are diagonal and equal as follows:
where the parameters Qi(i = 1, , N) are the second order andtegeeralzedTgamiasar transfm modes of the filter H(z) [1] , [2] . Substituting Eq. (17) into (Ki, W) = (T'-KTiT,TTWiT).
(111) Eqs. (15) and (16), we can express the generalized gramians Substituting Eq. ( 1) 
In addition, the balanced realization has the following symwhere P is a positive definite symmetric matrix defined by metric properties for the coefficient matrices
The L2-sensitivity minimization problem is to find a similar- minimize the L2-sensitivity S(P) w.r.t. P (13) It is proved in [3] that where P is an arbitrary positive definite matrix.
It is proved in [7] that L2-sensitivity S(P) has the unique if &S(P) 0 then &S(P) 
by Eqs. (6) and (7) 
L_01 0J (27) sinh(ca) cosh(a) i38
For the balanced realization (Ab, bb, Cb, db), the coefficient I L 0 matrix Ab can be decomposed as The method for deriving the optimal solution depends on the above case of the signature matrix . Ab VAV1 (39) In the case of (i), Eq. (25) follows P = P'l, that is, in order to simplify the expression of S(P). In the above P = I. It means that T = U, that is, an orthogonal trans-decomposition, V is a nonsingular matrix which diagonalizes formation. In this case, the minimum L2-sensitivity structure the matrix Ab, A is a matrix of which diagonal elements are is equal to a rotated balanced realization since the orthogonal equal to eigenvalues of the matrix Ab (equivalently poles of transformation is just a rotation of coordinate axes which does the filter). Eq. (39) means diagonalization of Ab or transfornot change the value of the L2-sensitivity. Thus, we need no mation of Ab to the Jordan form. In this paper, we consider the more discussion in this case since the minimum L2-sensitivity case that the two poles (A, A*) of the filter (Ab, bb, Cb, db) are structure is already achieved.
conjugate, but the other cases are omitted due to the restriction In the case of (ii), Eq. (25) Using the coefficient matrices (Ab, bb, Cb, db) and the grami-
